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The problem of product-size distribution exiting a crystallizer is addressed theoretically
and experimentally. The distribution function of the particle size is sol®ed and demon-
strated experimentally as a function of fines destruction, solids content of feed, particle
circulation ratio, feed particle sizes, particle concentration. Theoretical tools are gi®en
for estimation of ®arious important parameters such as distribution moments, rate of
growth, rate of nuclei production and particle-size distribution. A good agreement is
shown between the theoretical model and the experimental results.

Introduction

Control of particle-size distribution in the operation of
continuous crystallizers is of extreme importance in theory
and practice. Different types of concentrated slurries, as well
as dry and wet solid streams, flow into such production sys-
tems from highly concentrated product flowing to filters,
through diluted, low concentrated slurries, circulated for de-
struction purposes, and wet solids for drying followed dry
powders toward packaging. Data on the particle-size distribu-
tion of the particles is needed.

Ž .Saeman 1956 derived the relationships of the crystal-size
distribution in a single-tank, continuous mixed suspension
crystallizer, for different operating parameters. A solution was
also given for separate cases of mixed and classified products
removed from the crystallizer. It was shown that the theoreti-
cal predictions of the size distribution were in reasonable
agreement with results of a large commercial crystallizing
unit. The extreme influence of nucleation rate on resulting
size distributions was emphasized in this work.

Ž .Han and Shinnar 1968 investigated the steady-state be-
havior of a crystallizer with a classified product removal. It
has been assumed previously that the growth rate and the
nucleation rate of the particles are functions of the supersat-
uration, and are independent of the volume and the nature
of the crystal magma. The developed method for obtaining
particle-size distributions was based on the use of residence
time distribution. The effect of classification on the crystal-
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lizer’s performance was discussed with the help of some illus-
trative examples. It has already been shown that, in order to
increase the average particle size, it is most important to re-
duce the nucleation rate.

Ž .Nauman and Szabo 1971a, b studied the crystal-size dis-
tribution and steady-state operation characteristic of the con-
tinuous-recycle crystallizers, which have an internal fines trap.
The approach to the problem was based on a classical crystal-
lization theory, namely steady-state operation and growth rate
independent of crystal size. Nonselective and selective fines
destruction in recycled crystallizers were also considered. The
researchers demonstrated that a selective fines trap can have
a dramatic improvement in the crystallizer performance.

Ž .Randolph and Larson 1988 formulated a general popula-
tion balance for particles in an arbitrary suspension. The
classical model for a crystal-size distribution was obtained.
Equations have been formulated for growth and nucleation
of particles in both continuous and batch operations. The
population balance was expressed in the number-volume and
mass-size coordinate systems. Mass-conserving the ‘‘birth’’
and ‘‘death’’ functions were also formulated. In some cases,
the most efficient method of the solution of particle-size
equations was to solve the moment equations and then to
recover the particle-size distribution from the moments.

Ž .Rawlings et al. 1993 reviewed and discussed the modeling
Ž .of the crystal quality size, shape, and purity and the control

of crystallization processes. The review focused on model de-
velopment, model solution, measurement techniques, param-
eter estimation, and size control.
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Ž .Rojkowski 1993 showed that the population balance in a
mixed suspension crystallizer with a mixed product removal

Ž .can be transformed in the case of constant initial crystal
growth rate dispersion mechanism, into a form similar to a
size-dependent growth rate mechanism. This allows to inter-
pret the experimental crystal-size distribution data resulting
from the dispersion in terms of size-dependent mean growth
rate.

Ž .Rawling and Ray 1987a, b developed a class of simplified
polymerization models. These models include the distribu-
tion of particle size, radical numbers, and the coupling of the
particle initiation rate to the particle-size distribution. An an-
alytical solution to the modeling equations was found. Neces-
sary and sufficient conditions for local stability were derived.

A direct optimization method to estimate nucleation and
crystal growth rate parameters from seeded batch cooling
crystallization experiments was evaluated by Qiu and Rasmu-

Ž .son 1994 . Parameters in kinetic equations were determined
by the nonlinear optimization of a dynamic model of the ex-
periment. The optimization objective function includes both
the solution concentration and the product-size distribution
data.

Ž .Hounslow and Wynn 1992 and Wynn and Hounslow
Ž .1996 described an alternative and a new approach in the
form of integral equations. The general integral equations
were simplified for more specific cases. They also suggested
new solution strategies for simulating the particle-size distri-
bution in practice. An industrial case simulating the startup
of two crystallizers in series was studied and presented in
detail.

Ž .Eek et al. 1995 developed a model for the dynamics of a
single-stage suspension crystallizer. A population balance for
the dynamics of the crystal-size distribution with mass and
heat balances was described. Crystal-size distribution dynam-
ics data was obtained from the startup experiments with a
pilot plant operated at different process conditions. A non-
linear parameter estimation procedure determined the em-
pirical parameters directly from the raw sensor data.

Several empirical relations are presented in the literature
Žfor the classification function Tavare, 1995; Randolph and

.Larson, 1988 . The idealized description was given by Sae-
Ž . Ž .man 1956 and Han and Shinnar 1968 . Randolph and Lar-
Ž .son 1988 presented the so-called R-Z crystallizer model and

showed that internal fines separation and destruction can be
used to alter a crystal-size distribution function. For an effi-
cient classifier, the classification function may be approxi-

Žmated by a step function Han and Shinnar, 1968; Todes et
.al., 1984 .

The purpose of the present work was to build a tool that
would be used to estimate the efficiency of the different pro-
duction methods by studying the influence of the different
crystallization parameters on the size distribution of the
product. The crystallizer studied here is the continuous sin-

Ž .gle-stage draft-tube baffled DTB crystallizer equipped with
a classified fines removal system and a fines dissolver.

In order to analyze crystallization processes from salt solu-
tions some simplifying assumptions are needed: consider the
crystallizer as a perfect-mixed system operated at a steady
state with lumped parameters; all particles grow under iden-
tical conditions, where the averaged characteristic of the ex-
amined process may be used. These assumptions have been

Figure 1. Simple crystallizer with circulation and fines
destruction.

widely accepted in the literature. The separated fines are dis-
solved by heating or by dilution of the fines slurry flow. For
simplification, all fines assumed to be dissolved.

By investigating feed containing crystals, mono-sized crys-
tals were assumed, so that the size-distribution function of
the feed crystals can be approximated by a delta function.
Figure 1 represents a simple sketch of a common crystallizer
with a circulation and fines destruction unit.

Crystallization with Fines Rejection
With the described assumptions, the equation for the size

Ž .distribution function f x of crystals of size x, for continuous
crystallizer where selective discharge of fine crystals take

Ž .place can be written in the form Randolph and Larson, 1988

df xŽ .
G s Bd xy x y kf x y x f x Q a y x 1Ž . Ž . Ž . Ž . Ž .0dx

where B and G are the rates of formation and growth of new
crystallization nuclei; x is the initial nucleus size; k is the0

Ž .rate of crystals discharge from the crystallizer 1rS ; x is the
rate of discharge of a stream of fine particles of size x- a
Ž .1rS ; d is the Dirac delta function; and Q is the unit Heavi-
side function

Q xy a s1, for x) a , andŽ .

Q xy a s0, for x- a . 2Ž . Ž .

Ž .The solution of Eq. 1 with boundary condition f 0 s0 can
be written in the form

B kq x
f x s exp y x 3Ž . Ž .ž /G G
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for x- a , and

B kxq xa
f x s exp y 4Ž . Ž .ž /G G

for x) a .
By calculating the corresponding moments of the distribu-

Ž . Ž .tion function f x ym i , the number of particles N, salt out-
Ž 3.put rate Q, volume of particles in the crystallizer V m , and

Ž .the average crystal size d mm can be determined

`
im i s x f x dx 5Ž . Ž . Ž .H

0

Nsm 0 6Ž . Ž .
`

2Qs3g Gm 2 s3g G x f x dx 7Ž . Ž . Ž .H
0

V sgm 3 8Ž . Ž .

m 4Ž .
ds 9Ž .

m 3Ž .

where g is a shape factor.
Substituting the solution of Eq. 3 and Eq. 4 in Eq. 5, we

obtain an equation for determining the moments of the dis-
Ž .tribution function m i

m i sm i , x- a qm i , x) a 10Ž . Ž . Ž . Ž .

where

B kq xa
im i , x - a s x f x dxs i! exp y a )Ž . Ž .H ž /G G0

Ž . Ž .y iq1 y jy1iy jikq x kq x a kq x
exp a y Ýž / ž / ž /ž /G G iy j ! GŽ .js 0

Ž .y jq1iy jiB a k`
im i , x) a s x f x dxs i!Ž . Ž .H Ý ž /G iy j ! GŽ .a js 0

=
kq x

exp y a 11Ž .ž /G

Ž .The larger size of fine particles a m discharged from a
crystallizer, can be determined from Stock’s equation, which

Ž .agrees well with the experimental data Todes et al., 1984 .
Ž .The solid-phase output rate Q 1rs can be determined from

the mass balance. The rate of formation of new crystalliza-
tion nuclei B can be determined from the experimental data.
The average size of crystals d, the rate of growth of crystal
G, the rate of crystals discharge, and the other characteristics
of the particle-size distribution of the solid phase may be cal-
culated from the above system of Eqs. 7]11.

Figure 2 shows some theoretical calculations of the influ-
ence of the ratio of fine crystals output rate Q , discharged1
from the crystallizer and destroyed, to solid-phase output rate

Ž .Q 1rs , on the average-size distribution d, the rate of crystal
growth G and number of crystals N within the crystallizer

Figure 2. Theoretically calculated influence of relative
rate of fine discharge and destruction on par-
ticle average size, rate of growth, and number
of particles in the crystallizer.

Ž 3.1rm . Here, w sQ rQ where Q is the output rate of fine1 1 1
crystals from settling zone.

The output rate of the fine crystals from settler Q may be1
calculated from Eq. 7. With rising dimensionless parameter
w from 0 to about 9% under otherwise constant conditions,1
the average size of crystals d and the rate of crystals growth

Ž .G mrs increases about threefold while the number of crys-
tals in crystallizer N decreases by almost an order of magni-
tude.

This may be explained easily as follows: the rising of the
dimensionless parameter w causes a decrease in the number1
of particles in the crystallizer. The supersaturation in the so-
lution is relieved on a smaller number of particles, leading to
the increase in the size of crystals and the rate of crystals

Ž .growth-G Randolph and Larson, 1988 . Therefore, by chang-
ing the output rate of the fine crystals from the settler Q , it1
is possible to control and regulate the average size of crystals
and size distribution function of the produced crystals.

Feed Containing Crystals
In some cases, a crystallizer is fed with a saturated stream

containing solid particles having their own size distribution.
This is also in the case where some crystals remained in the
recirculation stream, and part or all of the recirculated crys-
tals were not destroyed in the path. In order to estimate the
influence of this flow and the average size of the feed crystals
on the product particle-size distribution, the balance equa-
tion for the number of particles of size x was reconsidered.
In this case, for simplicity, no small size destruction was as-
sumed

df xŽ .
G s Bd xy x y kf x qkf x 12Ž . Ž . Ž . Ž .0dx

Ž .where f x is the size distribution function of the feed crys-
Ž 4.tals 1rm , fed to the crystallizer and k is the crystals’ feed
Ž .rate 1rs . Considering the mono-fraction distribution in this
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Ž .case, the size distribution function f x may be approxi-
mated by the expression

f x sd xy R 13Ž . Ž . Ž .

where R is the size of feed particles.
Ž .The solution of Eq. 12 with the boundary condition f 0 s0

can be written in the form

B kx
f x s exp y 14aŽ . Ž .ž /G G

for x- R, and

B kx k k
f x s exp y q exp y xy R 14bŽ . Ž . Ž .ž /G G G G

for x) R.
By calculating the corresponding moments of the distribu-

tion function in Eqs. 12]14a and 14b, the number of particles
N in a crystallizer can be determined, together with the crys-
tal output rate Q, volume of crystals in crystallizer V, and
average crystal size d.

Bqk
Ns 15Ž .

k
3 i2G 1 kR

Qs6g Bqk 16Ž .Ýž / ž /k i! Gis 0

3 i3g G 1 kR
V s6 Bqk 17Ž .Ýž / ž /k k i! Gis 0

i4 1 kR
Bqk Ý ž /i! GG is 0ds8 18Ž .iž / 3k 1 kR
Bqk Ý ž /i! Gis 0

Comparison between Feed Containing and
Noncontaining Crystals

For a simple estimation of the flux and the size of feed
crystals influence on the product particles-size distribution,
the expression for the number-average crystals size-l may be
considered

m 1Ž .
ls 9aŽ .

N

Ž .where m 1 and the number of particles N may be deter-
mined from expressions 5 and 6. In the case of solids fed into
the crystallizer, an expression for l may be defined, for theR
number-average of the product crystal size

G kU

l s q R 19Ž .R Uk 1qk

where kU skrB.

Equation 16 for calculating the solid-phase output rate Q
can be rewritten as

i2 1 kR3U 3 Ul s Grk 1qk 20Ž . Ž .Ý ž /i! Gis 0

U Ž .1r3where l s Qr6g B is the average crystal size with no solid
feed.

From Eqs. 19 and 20

lU kU

l s q R 21Ž .R U1r3i 1qk2 1 kR
U1qk Ý ž /i! Gis 0

As in practical cases, a condition

i2 1 kR
Uk -1Ý ž /i! Gis 0

is satisfied, simplified by the Taylor series yields

U i2k 1 1 kR
U U Ul y l s Ry l k 22Ž .ÝR U ž /1qk 3 i! Gis 0

Comparing the expressions for calculation of the average
Ž U. Ž .crystal size without l and with solid feed l , it is possibleR

to show a condition from Eq. 22

i21 1 kR R
Ul - 23Ž .Ý Už /3 i! G 1qkis 0

which gives a coarser product with crystals solid feed, whereas
if

i21 1 kR R
Ul ) 24Ž .Ý Už /3 i! G 1qkis 0

feeding solids results in finer crystals in the product.
Examination of the results shows that the particle size R

Ž .m or mm of the feed crystals has a significant influence on
the particle-size distribution of the final product. This can be
explained in the following paragraph. The flux of solid feed q
Ž 3 . 3m rs can be written as qsgkR , or

q
k s 25Ž .3g R

A value of RU can be determined in the case where no
influence exists when particles are fed

U i U21 1 kR R
Ul s 26Ž .Ý Už /3 i! G 1qkis 0

Introduction of finer crystals with size R- RU under other-
wise constant conditions increases the total number of parti-
cles, and, hence, increases the value of kU. The supersatura-
tion within the solution is relieved of a larger number of par-
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Figure 3. Theoretical dependence of crystals average
size on the average size of the crystals in feed
for different solid feeds to product ratios.

Žticles, which leads to a decrease of the grain size l Q and qR
.are constant . Further increase of the size of the feed crystals

R leads to a decrease in the number of particles. The super-
saturation within the solution is relieved of a smaller number
of particles, and this leads to an increase of the grain size l .R

U ŽThe value of R can be determined from the relation Eqs.
. U22 and 26 l s l .R

Figure 3 shows theoretical calculations of the influence of
the size R, and the dimensionless parameter w, where w s
qrQ on the average crystals size d. The horizontal line pre-
sents a case where no solids were fed into the crystallizer.
This is independent of the average size of the feed crystals.
This line intersects with other lines at a point corresponding
to the values of RU for different values of w. The product’s
average crystal size is increased above this line, as R in-
creases, but reduces below the line as R decreases. Increas-
ing the value of w, for the same value of R, causes further
increase of the average size, while the opposite is the case for
low values of R.

Experimental Studies
A unit of a draft-tube agitated crystallizer with a dual cir-

Ž . Žculation circuit DTB for vacuum-crystallization Zelmanov
. 3et al., 1979, 1988, 1991 of 0.017 m capacity was used for

experimental studies of potassium chloride controlled vac-
uum-crystallization. The crystallizer with the feed and prod-
uct streams is given Figure 4.

In these experiments the following factors were varied un-
der otherwise constant conditions:

v The volume of particles in the crystallizer}V
v The suspension circulation to magma volume ratioyv
v The size of feed particles} R
v The flux of the solid feed} q
v The solid phase outpout rate} Q.

Figure 4. Experimental system.

In order to maintain the specified regime and to monitor
the performance of the apparatus, the following quantities or
values were measured and calculated during the experiments:

v Ž .Flow rate, temperature, and concentration density of
the feed solution;

v Ž .Temperature and concentration density of the mother
liquor; and

v The particle-size distribution of product and average
crystal size-d.

The solid-phase output rate-Q can be determined from the
mass balance. The rate of formation of new crystallization
nuclei B, the rate of crystals growth G, and the rate of crys-
tals discharge from crystallizer k were determined from the
values of the salt output rate Q. The volume of solid phase
V, and average crystal size d were found by evaluation of
experimental data with the aid of the system of Eqs. 7]9

Qs kV q x V B , G , k 27Ž . Ž .1

V sV B , G , k 28Ž . Ž .
ds d G , k 29Ž . Ž .

where

V B , G , k sgm 3, x- a 30Ž . Ž . Ž .1

V sgm 3 31Ž . Ž .
m 4Ž .

ds 32Ž .
m 3Ž .

V represents the volume of crystals in the settling zone where1
x- a .

July 2000 Vol. 46, No. 7 AIChE Journal1380



Figure 5. Rate formation of KCl new nuclei, average
crystals size and rate of crystal growth as
function of crystals volume fraction.
The dots represent experimental data; the lines are calcu-
lated theoretical results; v s rate of formation of new nu-
clei, B; B s rate of crystal growth G; ' s average crystal
size d.

Controlled Crystallization of KCl
The experimental conditions that were kept during the ex-

periments:
v

y5 3clear solution feed flow rate 0.33)10 m rs,
v temperature of suspension in crystallizer 16]208C,
v concentration of mother liquor 25.3]25.7% KCl,
v

3density of mother liquor 1,173]1,175 kgrm ;
v Constant suspension circulation to magma volume ratio

with constant rate of fines destruction.
The results of these investigations are given in Figures 5 to

8. The dots represent experimental data and lines are theo-

Figure 6. Influence of suspension circulation to magma
volume ratio on the rate of crystals growth and
on crystals sizes.
The dots represent experimental data; the lines are calcu-
lated theoretical results; v s rate of formation of new nu-
clei B; B s rate of crystal growth G; ' s average crystal
size d.

Figure 7. Dependence of the produced crystals size on
the average size of the feed crystals.
The dots represent experimental data; the lines are calcu-
lated theoretical results. The triangle is related to the case
of no initial crystals feed.

retically calculated results, based on the equations above. On
examination, these results show that the rate of formation of
new crystallization nuclei B increases almost by a factor of
20 with a change of approx. 100% in the crystals volume con-
centration within the crystallizer. This was obtained both ex-
perimentally and theoretically, as shown in Figure 5. The rate
of crystals’ growth G decreases by about 50%. The average
size of the crystals is increased first with the increase of the
internal crystals volume concentration within the crystallizer,
and then reduced. Based on the small changes in the average

Figure 8. Effect of the relative crystals feed to product
ratio on the average product crystal size.
The dots represent experimental data; the lines are calcu-
lated theoretical results.
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size, it could be attributed to an experimental error, but the
theoretical analysis, presented with the curved line, shows a
similar trend.

By raising the crystals volume concentration within the
crystallizer, the number of particles encountered is increased
and, consequently, the rate of formation of the new crystal-
lization nuclei B is increased. This, in turn, leads to the de-
crease of d, the average size of crystals. The precipitated mass
at low crystal volume concentration is distributed between the
formation of new nuclei and the increase of the average size
of existing crystals d. Thus, a maximum value for the average

Ž .size of crystals d can be explained as shown Figure 5 .

Effect of Suspension Circulation
The influence of the suspension circulation to magma vol-

ume ratio v on the average size of crystals d, the rate of
formation of new crystallization B, and the rate of growth
crystals G are given in Figure 6. Increasing the ratio v by
almost 20% causes the rate of formation of new nuclei B to
increase by about 200%. Increase in the rate of formation of
new nuclei B leads to the decrease in the rate of crystals
growth G by almost 20%, and, hence, leads to a decrease of
the average size of product. The computed formation rates
for new crystallization centers B, and average size of crystals
d were in good agreement with the experimental values.

Effects of Crystals in Feed
The proposed crystal formation and growth model was

compared to an actual experimental data of potassium chlo-
ride crystallization. In the case of circulation crystallization
where the rate of discharge of fine particles x s0, Eq. 27
can be rewritten

Qs kV 33Ž .

The rate k of crystals discharged from the crystallizer can
be determined simply from the above relation. The solid-
phase output rate-Q can be determined from the mass bal-
ance.

The rate of formation of new crystallization nuclei B was
determined from measurements made on samples of the salt
product. The output rate Q and the average crystal size d
were found by evaluation of the experimental data with the
aid of Eqs. 16 and 18.

The experimental conditions of the experiments in the
crystallizer with crystals in the feed were: feed flow rate 0.33
=10y5 m3rs, feed temperature 58]618C, solution density
Ž . 3 31.199]1.201 10 kgrm , and temperature of the suspension
in the crystallizer 28]328C.

The results of the experimental investigations are given in
Figures 7 and 8. Examination of these results shows that the
size and the flow rate of the feed crystals have a significant
influence on the size distribution function of the final prod-
uct. Figure 7 shows the influence of the size of feed crystals
R on the average crystal size of the product. The triangle on
the left represents the results with no solids fed into the crys-
tallizer. The circles represent experimental results for differ-
ent sizes fed into the crystallizer, while the line represents
the analysis presented here. In this set of experiments the
ratio between the feed crystals and the product output was

U Ž0.14. It is clear from Figure 7 that, for R- R R-0.07=
y3 . U10 m , the average size of crystals decreases. When R) R

with a rising size of the feed particles R, the average crystals
size of the product becomes an increasing function of R; this
is in agreement with the theoretical results given above.

Figure 8 shows the influence of the relative crystals feed to
product ratio qrQ on the average product crystal size. Again,
the comparison of experimental data with the theory pre-
sented here is good.

Conclusions
The analytical analysis demonstrated in this article shows

the influence of different crystallization parameters on the
product-size distribution. Parameters checked by this ap-
proach were the rate of removal of fines from the circulation,
the size and the relative flow rate of the feed crystals into the
crystallizer and the concentration of crystals in the suspen-
sion and the suspension circulation to magma volume ratio.
All these parameters show an influence on the product-size
distribution; hence, they may be used in controlling the re-
quired size of the product. Experimental results are in good
agreement with theoretical predictions presented here.
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Notation
Bsnucleation rate, 1rm3? s

Ž . 4f x ssize distribution function of crystals of size x, 1rm
lsnumber-average crystal size, m, mm
xscrystal size, m, mm
g sshape factor

Ž .m j sjth moment of crystal distribution function
w sratio of the flux of solid feed q over solid phase output rate

Q
w sratio of the output rate of fine crystals Q over solid phase1 1

output rate Q
v ssuspension circulation to magma volume ratio, 1rs
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